Abstract. Suppose that the Hausdorff topological group G is either compact or locally compact abelian and that Cc denotes the set of continuous complex-valued functions on G with compact supports. Let L% denote the restrictions to Cc of the continuous linear operators from L"(G) into L"(G) which commute with all the right translation operators.
Abstract. Suppose that the Hausdorff topological group G is either compact or locally compact abelian and that Cc denotes the set of continuous complex-valued functions on G with compact supports. Let L% denote the restrictions to Cc of the continuous linear operators from L"(G) into L"(G) which commute with all the right translation operators.
When \^p<qS2 or 2^q<p^oo it is known that ( 
1) LI <= LI
The main result of this paper is that the inclusion in (1) is strict unless G is finite. In fact it will be shown, using a partly constructive proof, that when G is infinite U L\ g L% g n L% lâq<p p<gS2
for l<p<2, with the first inclusion remaining strict when p = 2 and the second inclusion remaining strict when p= 1. (Similar results also hold for 2Sp£co.)
When G is compact, simple relations will also be developed between idempotent operators in LI and lacunary subsets of the dual of G which will enable us to find necessary conditions so that inclusion (1) is strict even if, for example, LI and L\ are replaced by the sets of idempotent operators in ££ and L% respectively. 1 . General notation and preliminaries. 1.1 The notation outlined in this section will generally follow [1] where further details may be found. Let G denote a multiplicatively written locally compact group (all topological groups will be assumed to be Hausdorff), e its identity and AG a fixed left Haar measure on G. If G is compact, Ac is assumed to be normalized so that Xa(G)=l. Let L"=Lp(G)-l^p^oo always-denote the usual Lebesgue space of equivalence classes of functions on G. Its norm will be denoted by || • ||p. When 1 <p<oo, p' will always satisfy l/p+l/p' =1; also l' = oo and oo'=l.
Let C=C(G) denote the space of continuous complex-valued functions over G. C0 and Cc will denote the subspaces of C comprised of functions which vanish at infinity and of functions which have compact supports, respectively; C0 = CC=C when G is compact. Also assume that C0 is equipped with the uniform (or supremum) norm, which makes it a Banach space.
The left and right translation operators ra and pa (a e G) are defined on C by
Taf(x) = f(a " 1x), Paf(x) = f(xa 7l), and may then be extended to measures. [November The following "exchange formula" will be used occasionally: (/* g)~(y) = g(y)f(y) for each y e T, where/ g e L1. Also the Peter-Weyl completeness theorem [10] will be frequently used without comment, generally in the form: If/eL1 and f(y) = 0 for each yeF, then/=0 almost everywhere. Let Gs denote the set consisting of all functions p on F such that p.(y) is an endomorphism of Hy for each y eT. It is easily shown-see Theorem (35.8) of [10] , for example-that to each T eLqp there corresponds a unique p. e @ such that Define a norm on A by ||/|U= \\f\\i-Following the procedure for LCA groups (see, for example, 4.1 of [1]) we call the normed dual P of A the space of pseudomeasures over G. Since A and @x are isometrically isomorphic and ©" is isometrically isomorphic to the normed dual of @x (see [10] ), then there is an isometric isomorphism between P and Qsoe. One such isomorphism may be defined via an extension of the Fourier transform: Definition. The Fourier transform of o-eP is the unique element a of @oe which satisfies 2 d(y) Tr [r(y)*è(y)] = </, a) yer for eachfeA.
Finally P may be made into a Banach algebra under convolution by defining oi * o2, where ou o2 eP, as the element of P which satisfies i vx ■• ■<*■:■.
(Oi * CT2) = 020i on T. Then A becomes a two-sided ideal of P.
With this notation, Theorem 2.1 may be expressed in a more suggestive form (cf. [1] and Chapter 16 of [4]), namely: "A continuous linear operator T from L2 into L2 belongs to L\ (that is, commutes with the pa) if and only if there exists o eP such that Tf~ o-*/for all/e C." 2.3 The following result provides another characterization of L%, whenp^co, and also provides some motivation for the study of idempotent multipliers in the next section.
Proposition.
The set L%, />#co, is the closure in the strong operator topology of the set of finite linear combinations of operators from Lp into Lq of the form (2.5) f^<f>*f where, for some yeT, (i) 4>(y) is an orthogonal projection in Hr, and (ii) supp<¿ = {y}.
Proof. Let S$ denote the set of linear combinations of operators from Lp into L" of the form (2.5) where </> satisfies (i) and (ii). Clearly 5g<=Lp so that, since L% is closed with respect to the strong operator topology, it remains to show that every member of LQP may be suitably approximated by members of SJ.
Let {8a} be an approximate identity comprised of trigonometric polynomials such that ||SJi = l (see [10] ). Suppose TeLqp,p^ao. Then, by (2.1), <f>a = T8a is also a The proof is complete if we can show that each <j>a is a finite linear combination of functions of the type specified in the theorem. Thus it suffices to show that any endomorphism U of a finite-dimensional Hilbert space H is a finite linear combination of orthogonal projections. By the finite-dimensional spectral theorem, this is certainly the case if U is normal; and the general case is accounted for by writing U=(U+ U*)/2 + i(U-U*)/2i, wherein U+U* and i(U-U*) are selfadjoint, and hence normal. (ii) When T contains an infinite Sidon set [9, p. 511] , it may be shown that the first inclusion of (3.0) is proper. (A proof follows the lines of [1, Theorem 4.15] by using appropriate results in [9, §3] for the nonabelian case. In fact, on closer inspection of the proof, it may be seen that the result is valid if we only assume the existence of an infinite subset of F which is of type A(q)-see the definition belowfor all <7<oo.) (iii) Theorem Í.1 of [3] may be used to show that the third inclusion of (3.0) is strict when G is abelian.
The main result in this section is Theorem 3.4, which gives sufficient conditions for the second inclusion to be strict.
Suppose 0<<7<oo. Following [11] and [9] we say that E (<^F) is of type A(q) [or Ee A(q)] if there exists/? e (0, q) and a real number K=K(p, q, E) such that 11/11, ^ A1/L for all JeLpE, where LpE = {feLp : f(y) = 0 if y e F\E}. As in [11] , it may be shown that Ee A(q) if and only if L%=LE for all p e (0, q).
When E^F, p,E will always denote the function in E satisfying pE(y) = Iy when yeE, and 0 otherwise. Then for all E<^ F, pE e /|<= g^.
Lemma, (a) Let 2<q<cc.
Then Ee A(q) implies p.E e 1%. (and hence p.E e Vp for all q'^p^ao and 1 ^¡r^q). Proof of 3.4. Assume that there exists Ee A(p)\A(q) where 2<p<q<oo. Lemma 3.1 (a) implies that p.Ee Ip; the proof of 3.4 is completed by showing that pE £ Vr whenever r>q. Suppose the contrary, that is, that there exists r>q such that p.E e I'. Let f e (2,p); then 3.1 (a) shows that pE e If and hence 3.2 (with b = 0) is applicable to show that E e A(y) for all y<r. But this conflicts with the assumption that E $ A(q) and so completes the proof.
LpgjLU whenever 1 ^p<q^2
and G is infinite. In this section the underlying group G will always be either a locally compact abelian group (that is, an LCA group) or a compact group. When 1 <p<q<2 it is known that
where each inclusion map is continuous. (This follows from the Riesz-Thorin convexity theorem and LPP = L%. when G is LCA and from (2.4) above when G is compact.) The final inclusion of (4.0) is known to be strict ([8] and [9] ), and in this section we will use this information to prove the strictness of the first two inclusions.
4.1 Theorem. Let {An}"= 1 denote a strictly positive sequence such that An/2m = i ^m is unbounded and increasing. Choose pe [1, 2) and suppose that there exists a sequence in Li, Tn^Tmi=0 for n£m, and \Tar{n)-ij,n\\22 ->0 as r-^-co for each ne N. Thus e/f/;er i/>n = Qor</in = on. for some «' e TV. In the first case, of(n) -> oo as r -> oo ; and in the second case, wr(n) = n' for r sufficiently large. Define u>(n) = n' if « satisfies the second case, and co(«) = co otherwise. Thanks to the fact that co satisfies the two requirements of monotonicity for membership of Q, we have co e Ü. and so (O, d) is complete.
Assume that the conclusion of the theorem is false; that is, for each w e £2, the (2, 2)-multiplier r(c,) = 2 A"7'm(n) belongs to Lpp. Thus we have a mapping u from O to the positive reals defined by w:cui-> YT^W iip.p"
We will prove that the set {co : u(oS)^ß} is closed for each ßäO, that is, that u is lower semicontinuous.
Suppose that cor^-co in O and that u(cur)^ß. Then Tla>T) -> T{a) in L%2 for each m e N. The Riesz-Thorin convexity theorem shows that for \/qm = aJp + (\-am)¡2, \\TW)\\Mm tk (\\T^\\P,P)H\\Tw%,2y-á ßH\\T^\\2,2y-^.
Letting r -> oo, it follows that \\T^%m,«mißH\\T^h.2y-"*; that is, for/e Cc, l^/k á jaM1îr«|..^-«-II/|<b.
Since Tía)fe Lp n L2 when/e Cc, we may let m -^ oo, and thus <xm -> 1, to obtain \r*f\, <; /su/u,,
showing that w(co)á/3, as required. Thus the sequence of sets {co : w(co) ¿«}, «eJV, forms a countable closed covering of Q. Since (£2, fl") is a complete metrizable space, it is nonmeagre in itself, and the Baire category theorem shows that a member of this covering has a nonvoid interior. Hence there exists m e N, w e Ü. and positive real numbers e, k such that (4. 5) w(co') á k whenever dm(oj', co) < e.
We will now show that this is impossible. For each r e N, define cor e O by cor = co on {1, 2,..., r} and oo otherwise. From (4.3) there exists r0e N such that for r>rQ, dm(oj', of) < e. But Proof. Let pe(l,co).
Since (i) LP^L%, and (ii) Lp and L\ are isometrically isomorphic to the normed duals of Ap and A respectively, it follows readily that A<=AP. To show that A is dense in Ap only requires noting that each element of Ap can be approximated by functions of the form 2P=iZ * gu where/, g¡ e Cc. 
